Abstract. Consider a Yang-Mills connection over a Riemann manifold M = M n , n ≥ 3, where M may be compact or complete. Then its energy must be bounded from below by some positive constant, if M satisfies certain conditions, unless the connection is flat.
Introduction
We consider the problem: When is a Yang-Mills connection non-flat? Of course, the trivial answer F µλ ≡ 0 is unsatisfactory. Bourguignon and Lawson proved in [3, Theorem C] , among other results, that any Yang-Mills connection over S n , n ≥ 3, the field strength of which satisfies the pointwise estimate (1.1)
is flat. We want to prove that under certain assumptions on the base space M , which is supposed to be a Riemannian manifold of dimension n ≥ 3, the energy of a Yang-Mills connection has to satisfy
where κ 0 depends only on the Sobolev constants of M , n and the dimension of the Lie group G, unless the connection is flat.
Here,
and we also call the left-hand side of (1.2) energy though this label is only correct when n = 4. However, this norm is also the crucial norm, which has to be (locally) small, used to prove regularity of a connection, cf. [4, Theorem 1.3]. The exponent n 2 naturally pops up when Sobolev inequalities are applied to solutions of differential equations satisfied by the field strength or the energy density of a connection in the adjoint bundle.
We distinguish two cases: M compact and M complete and non-compact. When M is compact, we require
for all skew-symmetric Λ αβ ∈ T 0,2 (M ), where 0 < c 0 , while for non-compact M the weaker assumption
should be satisfied.
In case n = 2 the curvature term therefore vanishes, and this result is also valid for an arbitrary two-dimensional Riemannian manifold, since the curvature tensor then has the same structure as in (1.7) though K M is not necessarily constant.
(ii) If M = R n , n ≥ 3, the conditions (1.5) and (1.6) are always valid.
, be a compact Riemannian for which the condition (1.4) with c 0 > 0 holds. Then any Yang-Mills connection over M with compact, semi-simple Lie group is either flat or satisfies (1.2) for some constant κ 0 > 0 depending on the Sobolev constants of M , n, c 0 , and the dimension of the Lie group.
n , n ≥ 3, be complete, non-compact and assume that the conditions (1.5) and (1.6) hold. Then any Yang-Mills connection over M with compact, semi-simple Lie group is either flat or the estimate (1.2) is valid. The constant κ 0 > 0 in (1.2) depends on the constant c 1 in (1.6), n, and the dimension of the Lie group.
The compact case
Let (P, M, G, G) be a principal fiber bundle where M = M n , n ≥ 3 is a compact Riemannian manifold with metricḡ αβ and G a compact, semi-simple Lie group with Lie algebra g. Let f c = (f a cb ) be a basis of ad g and (2.1)
a Yang-Mills connection in the adjoint bundle (E, M, g, Ad(G)).
The curvature tensor of the connection is given by
is the field strength of the connection, and
the energy density of the connection-at least up to a factor 1 4 . Here, γ ab is the Cartan-Killing metric acting on elements of the fiber g, and Latin indices are raised or lowered with respect to the inverse γ ab or γ ab , and Greek indices with respect to the metric of M .
2.1. Definition. The adjoint bundle E is vector bundle; let E * be the dual bundle, then we denote by
the sections of the corresponding tensor bundle.
Thus, we have
Since A µ is a Yang-Mills connection it solves the Yang-Mills equation (2.7) F aα λ;α = 0, where we use Einstein's summation convention, a semi-colon indicates covariant differentiation, and where we stipulate that a covariant derivative is always a full tensor, i.e., Before we formulate the crucial lemma let us note thatR αβγδ resp.R αβ symbolize the Riemann curvature tensor resp. the Ricci tensor ofḡ αβ .
2.2.
Lemma. Let A µ be a Yang-Mills connection, then its energy density F 2 solves the equation
Proof. Differentiating (2.7) covariantly with respect to x µ and using the Ricci identities we obtain In view of (2.10) we then conclude (2.14) 0 = − We now suppose that M = M n is a complete, non-compact Riemannian manifold. Then there holds Since we do not a priori Then r is Lipschitz such that 
